We calculate the strong lensing probability with the image separations greater than a given value ∆θ and the image flux ratio q r less than 10 in a TeVeS (tensor-vector-scalar) cosmology, which is a relativistic version of the MOND (modified Newtonian dynamics). The lensing galaxy is modeled by the Hernquist profile. We assume a flat cosmology with Ω b = 0.04 and the simplest interpolating function µ(x) with µ(x) = x for x < 1 and µ(x) = 1 for x > 1. Our calculations show that MOND exhibits a very high lengsing efficiency compared with the CDM paradigm. In order to match the well defined sample of the combined radio Cosmic Lens All-Sky Survey (CLASS) and Jodrell Bank/Very Large Array Astrometric Survey (JVAS), the upper limit of the mass of galaxies should be 1.7 × 10 11 M ⊙ . The galaxies produce much more large image-separation lenses in MOND regime than that in CDM regime, while at small image-separation both regimes match the observational data well.
INTRODUCTION
Since Bekenstein proposed the relativistic, modified Newtonian dynamics (MOND) theory, named tensor-vector-scalar (TeVeS; Bekenstein 2004) , it is possible to investigate the MOND phenomena in the cosmological sense. In particular, once the geometry and background evolution of the Universe can be determined, and the deflection of light due to a weak gravitational field can be calculated, one can test TeVeS and thus MOND with gravitational lensing (Bekenstein 2004; Chiu, Ko & Tian 2006; . Before TeVeS, strong gravitational lensing in MOND regime can only be manipulated by extraplolating non-relativistic dynamics (Qin, Wu, & Zou 1995; Mortlock & Turner 2001) , in which, the deflection angle is only half the value in TeVeS .
Needless to say, comparing the predicted results of gravitational lensing with observations is of key importance in testing TeVeS. first examined the consistency of the strong lensing predictions in TeVeS regime for galaxy lenses in the CASTLES (CfA-Arizona Space Telescope Lens Survey). In this letter, we will investigate the strong lensing statistics in TeVeS regime, and compare the predicted lensing probabilities to the well defined sample of CLASS/JVAS survey. It is now established that, in standard cosmology (LCDM), when galaxies are modeled by Singular Isothermal Sphere (SIS) and galaxy clusters are modeled by NavarroFrenk-White (NFW) profile, the predicted strong lensing probabilities can match the results of CLASS/JVAS quite well (e.g., Chae et al. 2002; Li & Ostriker 2002; Oguri et al. 2002; Oguri, Suto & Turner 2003; Oguri & Keeton 2004; Wang 2004; Mitchell et al. 2005; Zhang et al. 2005) . In TeVeS, we will assume a flat cosmology with the baryon density Ω b = 0.04, the Hubble costant h = 0.73. For the mass function of the stellar component of galaxies, we use the formula given by Panter, Heavens, & Jimenez (2004) . As a first try, Electronic address: cdm@bao.ac.cn we do not consider galaxy clusters. Since on the one hand, the lenses in the well defined sample in CLASS/JVAS is believed to be produced by galaxies; on the other hand, we have no available baryon mass function for galaxy clusters. We consider the simplest interpolating function µ(x) and use the Hernquist profile (Hernquist 1991) to model the galaxies. For comparison, we will recalculate the lensing probabilities predicted by SIS+NFW model in LCDM cosmology.
COSMOLOGY AND LENSING EQUATION
In TeVeS, the physical metric tensorg µν describes the matter, it is related to Einstein metric g µν byg µν = e 2φ g µν + 2U
α U α sinh(2φ), where U α is a timelike 4-vector field and φ is a scalar field (Bekenstein 2004) . So, for example, a free test particle follows a geodesic in the curved space-time described byg µν rather than Einstein metric g µν . However, Bekenstein proved that any cosmological model based on TeVeS differs from the corresponding one in General Relativity (GR) only by terms of O(κ), where κ is a small constant. In a word, as an crude approximation we can safely use the results of traditional standard cosmology in GR without dark matter to describe the geometry and evolution of the background Universe in TeVeS. In this letter, we adopt the usual symbol to denote any cosmological quantity and parameters for simplicity and remember that they are in physical rather than Einstein metric (i.e., we ignore "˜" above the symbols). Therefore, the Friedmann-Robertson-Walker (FRW) metric in TeVeS has exactly the same form as in GR dτ
, where c is the speed of light and f (χ) = sin χ, χ, sinh χ for closed, flat and open universes, respectively. The proper distance from the observer to an object at redshift z is
+ Ω Λ is the Hubble parameter at redshift z, and Ω b , Ω k and Ω Λ are the constant density parameter for baryon, curvature and dark energy, respectively. For a flat universe, the angular diameter distance from an object at redshift z 1 to an object at redshift
dz/H(z). In TeVeS, lensing equation has the same form as in GR, and for spherically symmetric density profile it is )
where β, θ = b/D L and α(θ) are source position angle, image position angle and deflection angle, respectively; b is the impact parameter; D L , D S and D LS are the angular diameter distances from the observer to the lens, to the source and from lens to the source, respectively; Φ(r) is the spherical gravitational potential of the lensing galaxy. As usual, for thin lens approximation, deflection angle can be written as α(b) = (4/c 2 )
/dr is the actual gravitational acceleration, and l is the light path. It has been recognized that the stellar galaxy can be well modeled by Hernquist profile ρ(r) = Mr h 2πr(r+r h ) 3 , with the mass interior to r as M(r) =
2 ρ(r)dr is the total mass and r h is the core scale length. The corresponding Newtonian acceleration is g N (r) = GM(r)/r 2 = GM/(r + r h ) 2 . According to MOND (Milgrom 1983; Sanders & McGaugh 2002; Sanders 2006) 
In this letter, we choose the simplest interpolating function µ(x) as µ(x) = x for x < 1 and µ(x) = 1 for x > 1. The deflection angle then is
where r 0 and v 0 are defined by GM/(r 0 + r h ) 2 = v 2 0 /(r 0 + r h ) = a 0 , so that r 0 is a transition radius from Newtonian regime to Mondian regime, v 0 is the flat part of circular velocity (i.e., the circular velocity in Mondian regime); and l 0 = r 2 0 − b 2 . The above deflection angle has an analytical but very complicated expression ), so we calculate it numerically.
The relationship between the scale length r h and the mass M should be determined independently by observational data. Firsly, the scale length is related to the effective (or half-light) radius R e of a luminous galaxy by r h = R e /1.8 (Hernquist 1991) . It has long been recognized that there exists a correlation between R e and the mean surface brightness I e interior to R e (Djorgovski & Davis 1987) : R e ∝ I −0.83±0.08 e .
Since the luminosity interior to
e , one immediately gives R e ∝ L 1.26 . Secondly, we need to know the mass-to-light ratio Υ = M/L ∝ L γ for elliptical galaxies. The observed data gives γ = 0.35 (Van Der Marel 1991); according to MOND, however, this value should be γ ≈ 0 (Sanders 2006) . In any case we have L ∝ M 1/(1+γ) . Therefore, the scale length should be related to the stellar mass of a galaxy by r h ∝ M 1.26/(1+γ) . In our actual calculations, we need to know r 0 /r h . Since (r 0 + r h ) ∝ M 1/2 , we have r 0 /r h = AM 0.5−1.26/(1+γ) − 1, and the coefficient A should be further determined by observational data. There is no available well defined sample for us, so we use the galaxy lenses which have observed effective radius R e (and thus r h ) in the CASTLES survey (Munoz, Kochanek, & Falco 1999) , which are listed in the table 2 of . The fitted formulae are where M ⋆ = 7.64 × 10 10 h −2 M ⊙ is the characteristic mass of galaxies (Panter, Heavens, & Jimenez 2004) . The details are shown in Figure 1 . Clearly, f 1 (M) (solid line) fits the data better than f 2 (M) (dotted line). The two fits are equal at
Before calculating the lensing probabilities, it is helpful to examine the lensing equations with different parameters. Figure 2 shows us the cases when a lens locates at redshift z = 0.05 but with different values of r 0 /r h and mass M. Here we allow β and θ take minus values duo to the symmetry. Generally, three images are produced when β < β cr , where β cr is the critical source position determined by dβ/dθ = 0 and θ < 0. When M = 1.2M ⋆ >M, in panel (a) and (c), we have r 0 /r h = f 1 (M) − 1 > r 0 /r h = f 2 (M) − 1; and when M = 0.1M ⋆ <M, in penal (b) and (d), we have r 0 /r h = f 1 (M) − 1 < r 0 /r h = f 2 (M) − 1. In both cases, Figure  2 shows us that a smaller scale length results in a larger value of β cr , as expected.
3. LENSING PROBABILITY Usually, lensing cross section defined in the lens plane with image separation larger than ∆θ is σ(
, where Θ(x) is the Heaviside step funtion. This is true only when ∆θ(M) is approximately constant within β cr , and the effect of the flux density ratio q r between the outer two brighter and fainter images can be ignored. From figure 2 we see that this is not true, in particular for low mass galaxies. So we introduce a source position quantity β q r determined by
where θ 0 = θ(0) < 0, the absolute value of which is the Einstein radius, and θ cr is determined by dβ/dθ = 0 for θ < 0. Equation (4) means that when β q r < β < β cr , the flux density ratio would be larger than q r . This is not allowed if this q r is the upper limit of a well defined sample and we attempt to compare our predicted results to that sample. For example, in CLASS/JVAS sample, q r ≤ 10. Figure 3 shows the ratio β q r /β cr for q r = 10 as a function of the redshift z of the lensing galaxy, with different mass M and fit formulae for r 0 /r h . The flux density ratio effect is remarkable for low redshift and low mass of lensing galaxies. On the other hand, we adopt the suggestion that the amplification bias should be calculated based on the magnification of the second brighter image of the three images rather than the total of the two brighter images (Lopes & Miller 2004) . For the source QSOs having a powerlaw flux distribution with slopeγ (= 2.1 in CLASS/JVAS survey), the amplification bias is B(β) =μ γ−1 (Oguri, 2002) ,
We thus write the lensing cross section with imageseparation larger than ∆θ and flux density ratio less than q r and combined with the amplification bias B(β) as (Schneider, Ehlers & Falco 1992; Chen 2004a) 
where β ∆θ is the source position at which a lens produces the image separation ∆θ, ∆θ 0 = ∆θ (0) is the separation of the two images which are just on the Einstein ring, and ∆θ q r = ∆θ(β q r ) is the upper-limit of the separation above which the flux ratio of the two images will be greater than q r . Now we can calculate the lensing probability with image separation larger than ∆θ and flux density ratio less than q r , in TeVeS cosmology, for the source QSOs at mean redshift z s = 1.27 lensed by foreground elliptical stellar galaxies by (e.g., Wu 1996) (6) where M max is the upper limit of the mass for the lensing galaxies, the value of which should be chosen to match the results of CLASS/JVAS, andn(M, z) is the physical number density of galaxies relating to the comoving number density
For n(M), we use the well fitted mass function of the stellar component of galaxies in SDSS given by Panter, Heavens and Jimenez (2004) 
where n ⋆ = (7.8 ± 0.1) × 10 −3 h 3 Mpc −3 ,α = −1.159 ± 0.008 and M ⋆ = (7.64 ± 0.09) × 10 10 h −2 M ⊙ . The numerical results of equation (6) survey form a well-defined statistical sample containing 13 multiply imaged sources (lens systems) suitable for analysis of the lens statistics (Myers et al. 2003; Browne et al. 2003; Patnaik et al. 1992; King et al. 1999) . The observed lensing probabilities can be easily calculated (Chen 2003b (Chen , 2004a by P obs (> ∆θ) = N(> ∆θ)/8958, where N(> ∆θ) is the number of lenses with separation greater than ∆θ in 13 lenses. The observational probability P obs (> ∆θ) is plotted as a histogram in Figure 4 . No lenses are found in CLASS/JVAS survey for ∆θ > 6 ′′ , the thick horizontal line indicates an upper limit of the observed probabilities in this range (Li & Ostriker 2002) . In the two-population model SIS + NFW, the galaxysize and the cluster-size lens halos are approximated by SIS and NFW profiles, respectively (Sarbu, Rusin, & Ma 2001; Li & Ostriker 2002; Chen 2003a Chen ,b, 2004a Zhang 2004 ). The dashed line represents the probabilities predicted by this SIS+NFW model in standard flat LCDM cosmology, which are recalculated with the parameters adopted from our previous paper (Chen 2005) , except that we ignore the redshift distribution for source QSOs here, instead we use the unique mean value of z s = 1.27 as we did in this paper.
CONCLUSIONS AND DISCUSSION
It has long been believed that lensing effects in MOND regime is weak, in particular in strong lensing systems. Our calculations shown in Figure 4 indicates, however, that this is not true. In fact, MOND predicts much more probabilities in large image separation (∆θ > 6 ′′ ) than SIS+NFW, and they are even larger than the upper limit in CLASS/JVAS survey.
According to our results, we argue that TeVeS (and thus MOND) exhibits a stronger lensing effect than CDM. In order to match the results of CLASS/JVAS, the upper limit of the mass of the lensing galaxies must set to be M max = 1.2M ⋆ = 1.7 × 10 11 M ⊙ in equation (6). Our calculations show that if M max → ∞, the predicted probabilities are much too high compared with the observations. At the same time, the transition mass of the CDM halos, the so called cooling mass M c , from the galaxies (modeled by SIS) to the clusters of galaxies (modeled by NFW) is M c ∼ 10 13 M ⊙ . Clearly, M c plays the same role in LCDM regime as M max in TeVeS (MOND) regime. However, Newtonian gravitation with SIS model predicts a rapid decreasing probability for large image separations , in contrast to Mondian Hernguist model. Note that SIS profile is more concentrated in mass than Hernquist profile, so if both profiles are applied in the same regime (LCDM or TeVeS), SIS would be more effective in lensing than Hernquist. Therefore, the only explanation for much larger lensing probabilities for large image separations shown in Figure 4 is that MOND demonstrates a much higher lensing efficiency than CDM. This phenomena is, as a matter of fact, not difficult to understand. It is well known that MOND, as an alternative to dark matter for solving "missing mass" problem, takes effect in the region surrounding the luminous matter with r > r 0 , where a CDM halo is assumed to have non-zero density in LCDM cosmology. The deflection angle α(b) with impact parameter b > r 0 can be calculated by using Newtonian CDM gravitation or by Mondian luminous matter gravitation. We know that the acceleration g(r), appears in the deflection angle, for a lensing CDM halo modeled by SIS is g(r) ∝ r −1 , no matter what the value of b is. So, the image separation is independent of the source position angle β (when β < β cr ), as is well known in SIS model. However, for a lensing galaxy (with no dark matter) modeled by Hernquist profie, we have g(r) ∝ r −1 only when r > r 0 (Mondian regime). This results in a much larger image separation for β ∼ β qr compared with β = 0, as shown in panels (b) and (d) in Figure 2 , and such a trend is stronger for lower mass. As pointed out earlier, we have considered this β dependent image separation when we calculate the lensing cross section. Furthermore, since number density of galaxies is divergent at low mass end, statistically, TeVeS (and thus MOND) would produce much more large-image-separation lenses than LCDM.
We also note that the solid line and dotted line in Figure 4 are almost the same, although they are calculated with different fitted formulae for r 0 /r h . This is the case because we have introduced a cutoff β qr when we calculate the lensing cross section. As is shown in Figure 2 , for a given mass, smaller core length scale r h (larger r 0 /r h ) would result in a larger β cr (the critical source position angle for producing multi images). Approximately, however, smaller r h does not increase the image separation considerably for smaller β. Therefore, even if f 2 (M) gives a smaller r h for M < 0.28M ⋆ , and this indeed increases the image separation considerably for β → β cr , the increased part of β near β cr may be cutoff, because the ratio between the magnifications of the brighter image and fainter image may be larger than q r = 10. Now the problem is that, for large image separations (∆θ > 6 ′′ ), our model definitely predicts higher lensing probabilities comparing with the CLASS/JVAS survey. One cannot conclude that TeVeS theory (or MOND) is ruled out by strong lensing statistics. As a first try for investigating strong lensing statistics in TeVeS scenario, we have used a simplest interpolating function µ(x). The deflection angle is, of course, sensitive to µ(x) (Zhao & Famaey 2006 ), but its effect on the final results is unknown. On the other hand, Hernquist profile is not the only choice for modeling the elliptical stellar galaxies. Since elliptical galaxies are pressure supported, they are often assumed to be isothermal, so an isothermal model (with or without a core) can also be investigated. This work was supported by the National Natural Science Foundation of China under grant 10233040.
